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Abstract
Lp(Rn) boundedness is considered for the commutator of higher-dimensional Marcinkiewicz
integral. Some conditions implying the L2(Rn) and the Lp(Rn) boundedness for the commutator
of the Marcinkiewicz integral are obtained.
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1. Introduction
We will work on Rn, n  2. Let Ω be homogeneous of degree zero, integrable on
the unit sphere Sn−1 and have mean value zero, i.e.,
∫
Sn−1 Ω(x) dx = 0. Define the
Marcinkiewicz integral operator µΩ by
µΩ(f )(x)=
( ∞∫
0
∣∣∣∣ ∫
|x−y|t
Ω(x − y)
|x − y|n−1 f (y) dy
∣∣∣∣2 dtt3
)1/2
. (1)
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dimensional Marcinkiewicz integral to higher-dimensional case. Stein [5] showed that
if Ω ∈ Lipα(Sn−1) for some 0 < α  1, then µΩ is a bounded operator on Lp(Rn)
for 1 < p  2, and a bounded mapping from L1(Rn) to weak L1(Rn). Using the one-
dimensional result and Riesz transforms similarly as in the case of singular integrals
(see [1]) and interpolation, Walsh [8] proved that for each fixed 1 < p < ∞, Ω ∈
L(logL)1/r(log logL)2(1−2/r ′)(Sn−1) is a sufficient condition such that µΩ is bounded on
Lp(Rn), where r = min{p,p′} and p′ = p/(p − 1). Hu [3] showed that if Ω ∈ Lq(Sn−1)
for some q > 1, then µΩ is bounded on Lp(Rn,w(x) dx) provided that p > q ′ and
w ∈ Ap/q ′ or 1 < p < q and w−1/(p−1) ∈ Ap′/q ′ , where Ap denotes the weight function
class of Muckenhoupt (see [6, Chapter V] for the definition and properties of Ap). The
purpose of this paper is to establish the Lp(Rn) boundedness for the commutator of the
operator µΩ . For b ∈ BMO(Rn) and positive integer k, define Ft;b,k by
Ft;b,k(f )(x)=
∫
|x−y|t
(
b(x)− b(y))k Ω(x − y)|x − y|n−1 f (y) dy.
The kth order commutator of the operator µΩ is defined by
µΩ;b,k(f )(x)=
( ∞∫
0
∣∣Ft;b,k(f )(x)∣∣2 dt
t3
)1/2
. (2)
This operator was considered first by Torchinsky and Wang [7]. They showed that if
Ω ∈ Lipα(Sn−1), then µΩ;b,1 is bounded on Lp(Rn) for all 1 < p <∞. In this paper,
we will give some size condition on Ω implying the Lp(Rn) boundedness of µΩ;b,k for
fixed 1 <p <∞. Our main results can be stated as follows.
Theorem 1. Let Ω be homogeneous of degree zero and have mean value zero on the unit
sphere, k be a positive integer. If Ω ∈L(logL)k+1/2(Sn−1), that is,∫
Sn−1
∣∣Ω(θ)∣∣ logk+1/2(2 + ∣∣Ω(θ)∣∣)dθ <∞. (3)
Then for b ∈ BMO(Rn), the commutator µΩ;b,k defined by (2) is bounded on L2(Rn)
with bound C‖b‖kBMO(Rn). Furthermore, if Ω ∈ L(logL)k+β(Sn−1) for some 1/2 < β < 1,
then the operator µΩ;b,k is bounded on Lp(Rn) with bound C‖b‖kBMO(Rn) provided that
1/β < p < 1/(1 − β).
Remark. It seems that the method used in [8] does not apply to the commutator µΩ;b,k . In
this paper we will use the technique involving Fourier transform estimate and Littlewood–
Paley theory, together with a decomposition of the space L(logLβ) (β > 0). An interesting
problem is that whether our result can be improved.
As an easy corollary of Theorem 1, we have
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sphere and k be a positive integer. If Ω ∈ L(logL)k+1(Sn−1), then for b ∈ BMO(Rn), the
commutator µΩ;b,k is bounded on Lp(Rn) with bound C‖b‖kBMO(Rn) for all 1 <p <∞.
Throughout this paper, C denotes the constants that are independent of the main
parameters involved but whose value may differ from line to line. For a measurable set E,
denote by χ
E
the characteristic function of E. For f defined on Rn, fˆ denotes the Fourier
transform of f .
2. Proof of Theorem 1
We begin with some preliminary lemmas.
Lemma 1 (see [4]). Let φ ∈ C∞0 (R) be a radial function such that suppφ ⊂ {1/4  |ξ |
 4} and∑
l∈Z
φ2
(
2−lξ
)= 1, |ξ | = 0.
Define the multiplier operator Sl by
Ŝlf (ξ)= φ
(
2−lξ
)
fˆ (ξ),
and S2l by S
2
l f (x) = Sl(Slf )(x). For any positive integer k and b ∈ BMO(Rn), denote
by Sl;b,k (respectively S2l;b,k) the kth order commutator of Sl (respectively S2l ). Then for
1 <p <∞,
(i) ‖(∑l∈Z |Sl;b,kf |2)1/2‖p C(n, k,p)‖b‖kBMO(Rn)‖f ‖p,
(ii) ‖(∑l∈Z |S2l;b,kf |2)1/2‖p C(n, k,p)‖b‖kBMO(Rn)‖f ‖p.
Lemma 2 (see [4]). Let 0 < δ <∞, mδ ∈C∞0 (Rn) with support contained in {δ/4 |ξ |
4δ}. Suppose that for some positive constant α,
‖mδ‖∞  Cmin
{
δα, δ−α
}
, ‖∇mδ‖∞  C.
Let Tδ be the multiplier operator defined by
T̂δf (ξ)=mδ(ξ)fˆ (ξ).
For a positive integer k and b ∈ BMO(Rn), denoted by Tδ;b,k the kth order commutator
of Tδ . Then for any fixed 0 < ν < 1, there exists a positive constant C = C(n, k, ν) such
that
‖Tδ;b,kf ‖2  Cmin
{
δαν, δ−αν
}‖b‖kBMO(Rn)‖f ‖2.
Lemma 3 (see [4]). Let Ω˜ be homogeneous of degree zero, k be a positive integer and
b ∈ BMO(Rn). Suppose that Ω˜ belongs to the space L∞(Sn−1). For each s  1, set
λΩ˜,s = inf
{
λ > 0: ‖Ω˜‖1 logs
(
2+ ‖Ω˜‖∞
)
 1
}
.λ λ
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MΩ˜;b,kf (x)= sup
r>0
r−n
∫
|x−y|<r
∣∣b(x)− b(y)∣∣k∣∣ Ω˜(x − y)f (y)∣∣dy
is bounded on Lp(Rn) with bound CλΩ˜,k‖b‖kBMO(Rn) for all 1 <p <∞.
Lemma 4 (see [4]). Let k be a positive integer and b ∈ BMO(Rn), Ω˜ be homogeneous of
degree zero and belong to L∞(Sn−1). For j ∈ Z, let σj (x)= |x|−nΩ˜(x)χ{2j<|x|2j+1}(x).
Denote by Uj the convolution operator whose kernel is σj , and Uj ;b,k the kth order
commutator of Uj . Then the estimate∥∥∥∥(∑
j∈Z
|Uj ;b,kfj |2
)1/2∥∥∥∥
p
 CλΩ˜,k‖b‖kBMO(Rn)
∥∥∥∥(∑
j∈Z
|fj |2
)1/2∥∥∥∥
p
(4)
holds for any 1< p <∞.
Proof of Theorem 1. Without loss of generality, we may assume that ‖b‖BMO(Rn) = 1. For
each t > 0 and j ∈ Z, let Kj,t (x)= (2j t)−1 Ω(x)|x|n−1χ{|x|2j t}(x). Define the operator Fj,t by
Fj,t (f )(x)= 12j t
∫
|x−y|2j t
Ω(x − y)
|x − y|n−1 f (y) dy.
Denote by Fj,t;b,k the kth order commutator of Fj,t . Set E0 = {θ ∈ Sn−1: |Ω(θ)| 2} and
Ed = {θ ∈ Sn−1: 2d < |Ω(θ)|  2d+1} for positive integer d . Let Ωd be the restriction
of Ω on Ed , i.e., Ωd(θ) = Ω(θ)χEd (θ). Obviously, Ω ∈ L(logL)β(Sn−1) is equivalent
to that
∑∞
d=1 dβ‖Ωd‖1 <∞. Let Kj,d,t (x)= (2j t)−1 Ωd(x)|x|n−1χ{|x|2j t}(x). Denote by Fj,d,t
the convolution operator whose kernel is Kj,d,t , and Fj,d,t;b,k the kth order commutator of
Fj,d,t . Let Sl be the multiplier operator defined in Lemma 1. Write
µΩ;b,k(f )(x)=
( ∞∑
j=−∞
2j+1∫
2j
∣∣Ft;b,k(f )(x)∣∣2 dt
t3
)1/2
=
( 2∫
1
∑
j∈Z
∣∣Fj,t;b,k(f )(x)∣∣2 dt
t
)1/2
=
( 2∫
1
∑
j∈Z
∣∣∣∣∑
l∈Z
Fj,t;b,k
(
S2l−j f
)
(x)
∣∣∣∣2 dtt
)1/2
. (5)
With the aid of the formula(
b(x)− b(y))k = k∑ Cmk (b(x)− b(z))k−m(b(z)− b(y))m, x, y, z ∈Rn,m=0
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Fj,t;b,k
(
S2l−j f
)
(x)= (Fj,t S2l−j )b,kf (x)− k∑
m=1
Cmk Fj,t;b,k−m
(
S2l−j ;b,mf
)
(x).
On the other hand, we see that if m> 0 and f,h ∈ C∞0 (Rn), then∑
l∈Z
∫
Rn
h(x)S2l−j ;b,mf (x) dx
=
m∑
u=0
Cum
∑
l∈Z
∫
Rn
h(x)
(
b(x)−mB(b)
)u
S2l−j
((
mB(b)− b
)m−u
f
)
(x) dx
=
m∑
u=0
Cum
∑
l∈Z
∫
Rn
h(x)
(
b(x)−mB(b)
)u(
mB(b)− b(x)
)m−u
f (x) dx = 0,
where B is a ball with large radius such that suppf and suppg are both contained in B ,
and mB(b) is the mean value of b on B . Thus in this case,∑
l∈Z
S2l−j ;b,mf (x)= 0, a.e. x ∈Rn.
Therefore, by the Minkowski inequality,
µΩ;b,k(f )(x)
0∑
l=−∞
( 2∫
1
∑
j∈Z
∣∣(Fj,t S2l−j )b,kf (x)∣∣2 dt
)1/2
+
∞∑
l=1
( 2∫
1
∑
j∈Z
∣∣(Fj,0,t S2l−j )b,kf (x)∣∣2 dt
)1/2
+
∞∑
d=1
∞∑
l=Nd+1
( 2∫
1
∑
j∈Z
∣∣(Fj,d,tS2l−j )b,kf (x)∣∣2 dt
)1/2
+
∞∑
d=1
( 2∫
1
∑
j∈Z
∣∣∣∣∣
Nd∑
l=1
(
Fj,d,tS
2
l−j
)
b,k
f (x)
∣∣∣∣∣
2
dt
)1/2
= If (x)+ Jf (x)+Uf (x)+Vf (x),
where N is a positive integer which will be chosen later.
We consider the term I first. Let
Ilf (x)=
( 2∫ ∑
j∈Z
∣∣(Fj,t S2l−j )b,kf (x)∣∣2 dt
)1/2
.1
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2∫
1
∑
j∈Z
∥∥(Fj,t S2l−j )b,kf ∥∥22 dt.
Set mj,t (ξ)= K̂j,t (ξ), mlj,t (ξ)=mj,t (ξ)φ(2j−lξ ), and define the multiplier operator F lj,t
by
F̂ lj,t (f )(ξ)=mlj,t (ξ)fˆ (ξ).
Straightforward computation leads to that for t ∈ [1,2]∥∥mlj,t (2−j ·)∥∥∞  C2l , ∥∥∇mlj,t (2−j ·)∥∥∞  C,
suppmlj,t
(
2−j ξ
)⊂ {|ξ | 2l+2}. (6)
Let F˜ lj,t be the operator defined by
̂˜
F lj,t (f )(ξ)=mlj,t
(
2−j ξ
)
fˆ (ξ).
The Fourier transform estimate (6) via Lemma 2 states us that for any 0 < ν < 1 and
nonnegative integer m,∥∥F˜ lj,t;b,m(f )∥∥2  C‖Ω‖12νl‖f ‖2, l  0, t ∈ [1,2].
By dilation-invariance, we obtain∥∥F lj,t;b,m(f )∥∥2  C‖Ω‖12νl‖f ‖2, l  0, t ∈ [1,2]. (7)
Observe that for f,h ∈ C∞0 (Rn),∫
Rn
h(x)
(
S2l−jFj,t
)
b,k
f (x) dx =
k∑
m=0
Ckm
∫
Rn
h(x)Fj,t;b,m(Sl−j ;b,k−mf )(x) dx.
It follows from the estimate (7) that
∑
j∈Z
∥∥(S2l−jFj,t )b,kf ∥∥22 C k∑
m=0
∑
j∈Z
∥∥F lj,t;b,m(Sl−j ;b,k−mf )∥∥22
C22νl‖Ω‖21
k∑
m=0
∑
j∈Z
‖Sl−j ;b,k−mf ‖22
C22νl‖Ω‖21‖f ‖22, l  0, t ∈ [1,2],
which is equivalent to that
‖Ilf ‖22  C‖Ω‖2122νl‖f ‖22. (8)
Applying the Minkowski inequality and Lemma 4, we have that for 2 <p <∞,
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2∫
1
( ∫
Rn
(∑
j∈Z
∣∣(Fj,t S2l−j )b,kf (x)∣∣2)p/2 dx)2/p dt
 C
k∑
m=0
2∫
1
∥∥∥∥(∑
j∈Z
∣∣Fj,t;b,m(S2l−j ;b,k−mf )∣∣2)1/2∥∥∥∥2
p
dt
 C
k∑
m=0
2∫
1
(∑
d0
∥∥∥∥(∑
j∈Z
∣∣Fj,t,d;b,m(S2l−j ;b,k−mf )∣∣2)1/2∥∥∥∥
p
)2
dt
 C
k∑
m=0
2∫
1
(∑
d0
λΩd ,k
∥∥∥∥(∑
j∈Z
∣∣S2l−j,k−mf ∣∣2)1/2∥∥∥∥
p
)2
dt
 C
(∑
d0
λΩd ,k
)2
‖f ‖2p. (9)
To establish the Lp(Rn) boundedness of Il for the case of 1 < p < 2, we consider the
mapping F defined by
F : {hj (x)}j∈Z→ {Fj,t;b,m(hj )(x)}j∈Z.
By Lemma 3, we see that for each j ∈ Z, t ∈ [1,2] and 1 <p <∞,∥∥Fj,t;b,m(h)∥∥p  C ∞∑
d=0
∥∥Fj,d,t;b,m(h)∥∥p  C ∞∑
d=0
λΩd,m‖h‖p.
Thus, for any 1 <p0 <∞,∫
Rn
2∫
1
∑
j∈Z
∣∣Fj,t;b,m(hj )(x)∣∣p0 dt dx  C( ∞∑
d=0
λΩd ,m
)p0∥∥∥∥(∑
j∈Z
|hj |p0
)1/p0∥∥∥∥p0
p0
,
which tells us that the mapping F is bounded from the space Lp0(Rn)(lp0) to the space
Lp0(Rn)(Lp0([1,2])(lp0)) with bound C∑d0 λΩd,m. On the other hand, note that
sup
j∈Z
sup
t∈[1,2]
∣∣Fj,d,t;b,m(hj )(x)∣∣ ∞∑
d=0
sup
j∈Z
sup
t∈[1,2]
∣∣Fj,t;b,m(hj )(x)∣∣
 C
∞∑
d=0
MΩd ;b,m
(
sup
j∈Z
|hj |
)
(x).
Thus, for any 1 <p1 <∞, it follows from Lemma 3 that∥∥ sup
j∈Z
sup
t∈[1,2]
∣∣Fj,t;b,m(hj )∣∣∥∥p1  ∞∑
d=0
λΩd,m
∥∥sup
j∈Z
|hj |
∥∥
p1
.
This shows that the mapping F is bounded from Lp1(Rn)(l∞) to Lp1(Rn)
(L∞([1,2])(l∞)) with bound C∑d0 λΩd ,m. For each fixed p with 1 < p < 2, we can
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polation argument, we see that F is bounded from Lp(Rn)(l2) to Lp(Rn)(L2([1,2])(l2))
with bound C
∑
d0 λΩd,m, that is,∥∥∥∥∥
( 2∫
1
∑
j∈Z
∣∣Fj,t;b,m(hj )∣∣2 dt
)1/2∥∥∥∥∥
p
 C
∑
d0
λΩd ,m
∥∥∥∥(∑
j∈Z
|hj |2
)1/2∥∥∥∥
p
, 1< p < 2.
Therefore, for 1 <p < 2,
‖Ilf ‖p  C
k∑
m=0
∑
d0
λΩd ,m
∥∥∥∥∥
( 2∫
1
∑
j∈Z
∣∣Fj,t;b,m(Sl−j ;b,k−mf )∣∣2 dt
)1/2∥∥∥∥∥
p
 C
k∑
m=0
∑
d0
λΩd ,m
∥∥∥∥(∑
j∈Z
∣∣(Sl−j ;b,k−mf )∣∣2)1/2∥∥∥∥
p
 C
∑
d0
λΩd ,k‖f ‖p. (10)
Now we turn our attention to the terms J and U. For positive integer l, let
Jlf (x)=
(∑
j∈Z
2∫
1
∣∣(Fj,0,tS2l−j )b,kf (x)∣∣2 dt)1/2
and
Udl f (x)=
(∑
j∈Z
2∫
1
∣∣(Fj,d,t Sl−j )b,kf (x)∣∣2 dt)1/2.
By a well-known Fourier transform estimate of Duoandikoetxea and Rubio de Francia (see
[2, p. 551]), it is easy to show that if t ∈ [1,2], then∣∣K̂j,d,t (ξ)∣∣ C‖Ωd‖∞∣∣2j ξ ∣∣−α,
where α is a positive constant depending only on n. A trivial computation gives that∥∥∇K̂j,d,t∥∥∞  C2j‖Ωd‖1, t ∈ [1,2].
Define the operator F lj,d,t by
F̂ lj,d,t (f )(ξ)= K̂j,d,t (ξ)φ
(
2j−lξ
)
fˆ (ξ).
Lemma 2 via dilation-invariance says that for each nonnegative integer m,∥∥F lj,d,t;b,m(f )∥∥2  C2−αl‖Ωd‖∞‖f ‖2.
Consequently,
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m=0
2∫
1
∑
j∈Z
∥∥F lj,d,t;b,m(Sl−j ;b,k−mf )∥∥22 dt
C2−2αl‖Ωd‖2∞
k∑
m=0
∑
j∈Z
‖Sl−j ;b,k−mf ‖22
C2−2αl‖Ωd‖2∞‖f ‖22, l  0. (11)
Similarly, we have
‖Jlf ‖2 C2−αl‖f ‖2, l  0. (12)
By the same argument as that used in the proof of the inequalities (9) and (10), we can
verify that∥∥Udl f ∥∥p  CλΩd,k‖f ‖p, ‖Jlf ‖p  C‖f ‖p, 1<p <∞. (13)
To estimate the term V, let
Vdf (x)=
( 2∫
1
∑
j∈Z
∣∣∣∣∣
Nd∑
l=1
(
Fj,d,tS
2
l−j
)
b,k
f (x)
∣∣∣∣∣
2
dt
)1/2
.
Observe that
Vdf (x) C
Nd∑
l=1
k∑
m=0
( 2∫
1
∑
j∈Z
∣∣Fj,d,t;b,k−m(S2l−j ;b,mf )(x)∣∣2 dt
)1/2
.
As in the proof of the inequalities (9) and (10), we have that for 1<p <∞,
‖Vdf ‖p  CNdλΩd ,k‖f ‖p. (14)
Write
‖Vdf ‖22  C
k∑
m=0
∑
j∈Z
2∫
1
∥∥∥∥∥
Nd∑
l=1
Sl−j ;b,k−m
(
(Sl−jFj,d,t )b,mf
)∥∥∥∥∥
2
2
dt.
A standard duality argument leads to that∥∥∥∥∥
Nd∑
l=1
Sl−j ;b,k−mhl
∥∥∥∥∥
2
= sup
g∈C∞0 (Rn), ‖g‖21
∣∣∣∣ ∫
Rn
g(x)
Nd∑
l=1
Sl−j ;b,k−mhl(x) dx
∣∣∣∣
= sup
g∈C∞0 (Rn), ‖g‖21
∣∣∣∣ ∫
Rn
(−1)k−m
Nd∑
l=1
hl(x)Sl−j ;b,k−mg(x) dx
∣∣∣∣
 sup
‖g‖21
∫
n
(
Nd∑
l=1
∣∣hl(x)∣∣2)1/2( Nd∑
l=1
∣∣Sl−j ;b,k−mg(x)∣∣2)1/2 dx
R
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‖g‖21
∥∥∥∥∥
(
Nd∑
l=1
|hl |2
)1/2∥∥∥∥∥
2
∥∥∥∥∥
(
Nd∑
l=1
|Sl−j ;b,k−mg|2
)1/2∥∥∥∥∥
2
 C
∥∥∥∥∥
(
Nd∑
l=1
|hl |2
)1/2∥∥∥∥∥
2
.
This together with Lemma 4 in turn implies that
‖Vdf ‖22 C
k∑
m=0
∑
j∈Z
2∫
1
∥∥∥∥∥
(
Nd∑
l=1
∣∣(Sl−jFj,d,t )b,mf ∣∣2)1/2
∥∥∥∥∥
2
2
dt
C
k∑
m=0
∑
j∈Z
m∑
u=0
Nd∑
l=1
2∫
1
∥∥Fj,d,t;b,u(Sl−j ;b,m−uf )∥∥22 dt
C
k∑
m=0
m∑
u=0
λ2Ωd,u
Nd∑
l=1
2∫
1
∑
j∈Z
‖Sl−j ;b,m−uf ‖22 dt
CNdλ2Ωd ,k‖f ‖22. (15)
We can now prove the L2(Rn) boundedness of µΩ;b,k . Choose N > 2/α, where α is
the constant appeared in the inequality (11). Combining the estimates (8), (11), (12) and
(15) yields
∥∥µΩ;b,k(f )∥∥2  0∑
l=−∞
‖Ilf ‖2 +
∞∑
l=1
‖Jlf ‖2 +
∞∑
d=1
∞∑
l=Nd+1
∥∥Udl f ∥∥2 + ∞∑
d=1
‖Vdf ‖2
C
(
‖Ω‖1 + 1+
∞∑
d=1
∞∑
l=Nd+1
2−αl‖Ωd‖∞ +
∞∑
d=1
d1/2λΩdk
)
‖f ‖2
C
(
‖Ω‖1 + 1+
∞∑
d=1
d1/2λΩd,k
)
‖f ‖2.
Note that
‖Ωd‖1
dk‖Ωd‖1 + 2−d log
k
(
2 + ‖Ωd‖∞
dk‖Ω‖1 + 2−d
)
 C.
It is easy to verify that
λΩd ,k  C
(
dk‖Ωd‖1 + 2−d
)
and that∥∥µΩ;b,k(f )∥∥2 C
(
‖Ω‖1 + 1 +
∞∑
d=1
d1/2+k‖Ωd‖1 +
∞∑
d=1
d1/22−d‖Ωd‖1
)
‖f ‖2.
Therefore, Ω ∈ L(logL)1/2+k(Sn−1) is a sufficient condition such that µΩ;b,k is bounded
on L2(Rn).
G. Hu, D. Yan / J. Math. Anal. Appl. 283 (2003) 351–361 361It remains to prove the Lp(Rn) boundedness of µΩ;b,k for p = 2. We only consider the
case of 1 < p < 2. The case 2 < p <∞ can be proved by the same argument. Obviously,
C‖Ωd‖1  λΩd,k  C‖Ωd‖∞. Interpolation the inequalities (8) and (10) gives that
‖Ilf ‖p  C2δl
∞∑
d=0
λΩd,k‖f ‖p, l  0, (16)
where δ = δp > 0. Similarly, it follows from the estimate (11), (12) and (13) that∥∥Udl f ∥∥p  C2−γ l‖Ωd‖∞‖f ‖p, ‖Jlf ‖p C2−γ l‖f ‖p, l > 0, (17)
where γ = γ (α,p) > 0. By the estimates (14) and (15), we can obtain that for any ε > 0,
‖Vdf ‖p  CλΩd,k(Nd)1/p+ε‖f ‖p. (18)
For given Ω ∈ L(logL)k+β(Sn−1) (1/2< β < 1) and 1/β < p < 2, take N > 1/(2γ ) and
ε > 0 such that 1/p+ ε < β . Then we get that
‖µΩ;b,kf ‖p 
∞∑
l=0
‖Ilf ‖p +
∞∑
l=1
‖Jlf ‖p +
∞∑
d=1
∞∑
l=Nd+1
∥∥Udl f ∥∥p + ∞∑
d=1
‖Vdf ‖p
 C
( ∞∑
d=0
λΩd,k + 1 +
∞∑
d=1
d1/p+ελΩd ,k
)
‖f ‖p  C‖f ‖p.
This finishes the proof of Theorem 1.
Acknowledgment
The authors would like to thank the referee for some valuable suggestions and corrections.
References
[1] A.P. Calderón, A. Zygmund, On singular integrals, Amer. J. Math. 78 (1956) 289–309.
[2] J. Duoandikoetxea, J.L. Rubio de Francia, Maximal and singular integral operators via Fourier transform
estimates, Invent. Math. 84 (1986) 541–561.
[3] G. Hu, Mollification of rough operators, Ph.D. Thesis, Hangzhou University, Hangzhou, 1993.
[4] G. Hu, Lp(Rn) boundedness for the commutators of homogeneous singular integral operators, Studia
Math. 154 (2003) 13–27.
[5] E.M. Stein, On the functions of Littlewood–Paley, Lusin, and Marcinkiewicz, Trans. Amer. Math. Soc. 88
(1958) 430–466.
[6] E.M. Stein, Harmonic Analysis: Real-Variable Methods, Orthogonality and Oscillatory Integrals, Princeton
Univ. Press, Princeton, NJ, 1993.
[7] A. Torchinsky, S. Wang, A note on the Marcinkiewicz integral, Colloq. Math. 47 (1990) 235–243.
[8] T. Walsh, On the function of Marcinkiewicz, Studia Math. 44 (1972) 203–217.
